Let R be any ring (with 1), Γ a group and RΓ the corresponding group ring. Let Ext * RΓ (M, M ) be the cohomology ring associated to the RΓ-module M . Let H be a subgroup of finite index of Γ which contains all elements of prime order for any prime not invertible in R. Conjecture: An element ζ ∈ Ext * RΓ (M, M ) is nilpotent (under Yoneda's product) if and only if its restriction to Ext * RH (M, M ) is nilpotent. We prove the conjecture for large families of groups and in particular for the Thompson group.
Introduction.
Elementary abelian subgroup induction plays a crucial role in cohomology and representation theory of finite groups. See ( [Se] , [Qu1] , [Qu2] , [QV] , [Ca1] , [Ca2] , [Ch] , [AS] , [Ad] , [AM] , [Be1] , [AE] ). Roughly speaking, the results say that important cohomological properties hold for a group ring RΓ, Γ finite and R an arbitrary ring (with 1), if and only if they hold for RE where E runs over all elementary abelian subgroups of Γ. In general, similar statements are false if one replaces the family of elementary abelian subgroups by cyclic subgroups.
We recall two important results which exhibit the role of the elementary abelian subgroups:
Theorem (Quillen and Carlson [Qu1] , [Ca2] In 1976 Moore posed the following conjecture which may be viewed as an "infinite version" of Chouinard's theorem.
Moore's Conjecture (see [Ch] , [ACGK, Conjecture 1.1] We refer to (M1) or (M2) as Moore's condition for the triple (Γ, H, R). Note that Chouinard's theorem implies Moore's conjecture whenever the group Γ is finite.
Moore's conjecture is a far reaching generalization of the following result of Serre which is well known.
Serre's Theorem (see [Sw] ). Let Γ be a group and H a subgroup of finite index.
Assume H has finite cohomological dimension (that is Γ has virtual finite cohomological dimension). If Γ is torsion free then it has finite cohomological dimension. Moreover, cd(Γ) = cd(H).
Let us show how Serre's Theorem is obtained from Moore's conjecture. Assume cd(H) = n. If P. → Z → 0 is a projective resolution of Z over ZΓ, it is projective also over H. It follows that the n-th syzygy Y n of the resolution is a ZΓ-module whose restriction to H is projective. Moore's conjecture says that Y n is projective over ZΓ and so cd(Γ) ≤ n.
Following Moore's conjecture we formulate a similar conjecture based on Quillen's and Carlson result. Our main objective is to prove the conjecture for large families of groups and in particular for the Thompson group (Theorem 1.1 below) (See [BG] for the definition of the Thompson group).
Conjecture I (after Moore). Let RΓ be a group ring over R. Let H be a subgroup of finite index in Γ. Assume that Moore's condition (M1) or (M2) holds. Then an element ζ ∈ Ext
Quillen and Carlson's result was generalized to infinite groups Γ which have virtual finite cohomological dimension. The idea already appears in Quillen's paper ([QU2] ). The result says that a nilpotent element in the cohomology ring is detected by its restrictions to the elementary abelian subgroups. This result was considerably extended by Benson, to groups which belong to the class LHF (Locally-HF) and modules which are F P ∞ (see [Be2] , [Be3] ). It should be noted that Conjecture I does not generalize Benson's result. The following is a generalization of both. We pose it as a question:
Let Γ be any group and H a subgroup of finite index. Let M be a module over RΓ. Let ζ be an element in Ext * RΓ (M, M) and assume that its restrictions to Ext * RH (M, M) and Ext * RE (M, M) are nilpotent where E runs over all elementary abelian subgroups of Γ. Is ζ nilpotent?
Unlike the construction of the class HF in [Kr] , the idea here relies on controlling the finite quotients of Γ and more precisely the profinite completions of Γ (see [Al] ). We recall some necessary terminology and notation.
Let P (Γ) be the collection of all finite index, normal subgroups of Γ. Let Ω Γ be a subset of P (Γ) filtered from below. Assume further that Ω Γ is cofinal in P (Γ). Denote by Γ = limΓ/N the profinite completion of Γ with respect to Ω Γ and let φ : Γ → Γ be the canonical map induced by the natural projections Γ → Γ/N, N ∈ Ω Γ . (More on profinite completions can be found in [RZ] .) The following result is a direct consequence of the main theorem in the paper (Th. 2.1 below). In particular Conjecture I holds for the Thompson group T (since T is torsion free). It is known that T does not belong to the class LHF ( [Kr] ).
For the proof of Theorem 1.1 we proceed as in [AG] and [Al] . We first extend Quillen and Carlson's result to finite crossed products R * Γ and then "pass" to infinite groups using profinite completions.
Proofs.
An important tool in the proof of the main theorem is the crossed product construction. It allows us to use induction, namely to write the crossed product R * Γ in terms of a subalgebra R * H and Γ/H where H is a normal subgroup of Γ. Obviously this is not possible within the family of group rings. We therefore start by generalizing Conjecture I to crossed products (we refer the reader to [Pa] for the definition and important properties of crossed products). Proof. For the proof we need to generalize Cor 2.2, Theorem 2.5 and Lemma 2.6 in [Ca3] to arbitrary crossed products R * Γ. The generalizations are straightforward and left to the reader.
In order to state the main theorem some additional terminology is required. We will say that Conjecture II holds for the triple (Γ, H, R) if condition (M1) or (M2) implies that for any module M over R * Γ, an element ζ ∈ Ext * R * Γ (M, M) is nilpotent if and only if the restriction of ζ to Ext * R * H (M, M) is nilpotent. We will say that Conjecture II holds for (Γ, H) if condition M1 implies the same conclusion for (Γ, H, R) where R is arbitrary. Finally, we will say that Conjecture II holds for the group Γ if the conjecture holds for (Γ, H), for any subgroup H of finite index in Γ. Theorem 1.1 is an immediate consequence of the following The similarity of Theorem 2.1 above and Theorem 2.2 in [Al] leads us to formulate a more general result.
Let P be a property associated to an arbitrary crossed product R * Γ which satisfies the following conditions: 1) If P holds for R * Γ then it holds for R * H where H is any subgroup of Γ.
2) If Γ is finite, then P holds for R * Γ if and only if it holds for R * E where E runs over all elementary abelian subgroups of Γ.
The properties considered here and in ( [Al] ) are: 1) for an R * Γ module M, an element ζ ∈ Ext * RΓ (M, M) is nilpotent (under Yoneda's product); 2) an R * Γ module M is projective.
For such property P we have: 
